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A General Partial Discretization Methodology for Interlaminar Stress
Computation in Composite Laminates
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Abstract: A two-point boundary value problem
(BVP) is formed in the present work governed
by a set of first-order coupled ordinary differen-
tial equations (ODEs) in terms of displacements
and the transverse stresses through the thickness
of laminate (in domain −h/2 < z < h/2) by in-
troducing partial discretization methodology only
in the plan area of the three dimensional (3D)
laminate. The primary dependent variables in
the ODEs are those which occur naturally on a
plane z=a constant. An effective numerical inte-
gration (NI) technique is utilized for tackling the
two-point BVP in an efficient manner. Numer-
ical studies on cross-ply and angle-ply compos-
ite plates are performed and presented, involving
both validation and solution of new problems.
Keyword: composite laminates, partial finite
element, boundary value problem, initial value
problem, numerical integration method
1 Introduction
Use of fiber reinforced polymer composite
(FRPC) materials has grown rapidly in the last
three decades, especially in weight sensitive
structural members, owing to their high strength-
to-weight and stiffness-to-weight ratios. There-
fore, analyses of laminated composite plates have
been of significant concern in many advanced en-
gineering structures. Furthermore, study concern-
ing failure due to delamination is of considerable
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importance. This involves separation of compos-
ite laminae along the interfaces due to high trans-
verse/interlaminar stresses. Thus an analytical-
numerical methodology which can predict these
stresses accurately becomes necessary for under-
standing failure mechanism due to delamination.
A 3D elasticity solution of laminated compos-
ite beams, plates and shells is extremely com-
plex. Pagano (1969, 1970), Srinivas and Rao
(1970) and Srinivas et al. (1970) have given
flexure, vibration and buckling response of sim-
ply supported plates by solving analytically the
governing BVP defined by 3D partial differen-
tial equation (PDE) system. Their solutions have
been used in the over the last three decades,
as benchmark solution by researchers especially
involved in developing general numerical tech-
niques. However, 3D elasticity solutions are
available only for simple geometry and boundary
conditions and hence solutions lack generality.
Vel and Batra (1999), for example, presented 3D
analytical solutions for different boundary condi-
tions by a generalization of Eshelby-Stroh formal-
ism. Solution was obtained in form of infinite se-
ries with infinite number of unknowns. In such an
approach, accuracy of solution depends on num-
ber of terms considered in the series and more
number of terms in the series generally leads to
increased computational efforts.
Family of conventional equivalent single layer
(ESL) theories includes classical laminated plate
theory (CLPT) (Jones 2003), first-order shear
deformation theory (FOST) (Reissner 1945,
Mindlin 1951) and higher-order shear deforma-
tion theories (HOSTs) (Lo et al. 1977, Kant 1982,
Reddy 1984, Kant and Manjunatha 1994, Kant
and Swaminathan 2002). The first two ESL the-
ories have generally produced satisfactory results
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for global analysis of thin laminated composites
(e.g. deflections and flexural stresses). However,
CLPT and FOST based analytical or FE mod-
els generally yield poor results for thick or mod-
erately thick laminated composites because they
cannot precisely model deformed kinematic con-
figuration of laminated composites. HOST mod-
els have been advantageously employed for such
situation. However, the transverse interlaminar
stresses are most commonly estimated using a
post-processing technique by integration 3D equi-
librium equations of elasticity along the laminate
thickness and there is serious limitations in the
ESL theories. The estimates are not only inaccu-
rate but the methods are unreliable and the whole
methodology lacks robustness. Therefore, accu-
rate and reliable evaluation/computation of the
transverse stresses have not been addressed ad-
equately (Kant and Swaminathan 2002) in ESL
theories.
A number of displacement based layerwise the-
ories have also been proposed by Reddy (1987),
Soldatos (1992), Wu and Kuo (1993), Wu and
Hsu (1993) and others. Howerver, only con-
tinuity of displacement field through thickness
of laminates could be satisfied in such displace-
ment based layerwise models and continuity of
the transverse stresses at the laminae interfaces
could not be enforced. Elasticity solutions of
layered components (Pagano 1969, 1970) indi-
cate that the interlaminar continuity of the trans-
verse normal and shear fields as well as layer-
wise continuous displacement fields through the
thickness of laminated components are essential
requirements for their accurate analysis. Thus,
layerwise analysis with mixed (displacements and
transverse stresses) primary variables is often re-
quired for laminated composite structures. In
order to improve the displacement based layer-
wise theories, a group of researchers including
Spilker (1984), Shin and Chen (1992), Wu and
Lin (1993), Ramtekkar et al. (2002, 2003), Caz-
zani et al. (2005) have worked on development of
layerwise mixed FE models with displacements
and the transverse stresses as primary variables of
interest. Such models satisfy continuity require-
ments of displacements and the transverse stresses
at laminae interfaces.
The various simple analytical/FE models devel-
oped in past based on the assumed variations over
the global/element domain in all considered direc-
tions in space. An attempt is made here to present
a general method starting from the fundamentals,
that is, the exact 3D partial differential equation
(PDE) system of a laminated composite. A mixed
partial finite element model is developed for elas-
tostatic of composite plates in such a way that it
results in solution of a two-point BVP governed
by a system of first-order ODEs,
d
dzy(z) = A(z)y(z)+p(z) (1)
in the interval −h/2 ≤ z ≤ h/2 with any half of
the dependent variables prescribed at the edges
z = ±h/2. The solution vector y(z) consists of
a set of primary variables whose number equals
the order of PDE system times the number of dis-
crete FE mesh nodes. Availability of efficient, ac-
curate and above all proven robust ODE numer-
ical integrators for initial value problems (IVPs)
helps in obtaining the set of primary variables at
all nodal points through the thickness. Ingenu-
ity lies here in transforming the BVP into a set
of IVPs (Kant and Ramesh 1981). Once the fun-
damental set is known, the auxiliary set of depen-
dent variables over the entire nodal set can be sim-
ply computed by substitution of values of the fun-
damental set of variables on the right hand side of
algebraic expressions node-by-node. Accuracy of
the model is verified against the results available
in literature for laminated composite plates. New
results have also been presented for the clamped
supported composite plates using standard mate-
rial properties available in the literature.
2 Formulation
A laminate composed of a number of
isotropic/orthotropic, linear elastic laminae
of uniform thicknesses with plan dimension a×b
and thickness ‘h’ is considered (Fig. 1). The
angle between the fiber direction and reference
axis ‘x’ is measured in anticlockwise direction as
shown in Fig. 1. Transversely distributed load is
applied on the top surface of laminate.
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Figure 1: Laminate geometry with positive set of lamina/laminate reference axes and fibre orientation
2.1 Constitutive relations
Each lamina in the laminate has been considered
to be in a 3D state of stress so that the constitutive
relation for a typical orthotropic ith lamina with
reference to the principal material coordinate axes
(1, 2 and 3) can be written as
(ε1)
i =
(
1
E1
σ1− ν21E2 σ2−
ν31
E3
σ3
)i
(ε2)
i =
(
−ν12
E1
σ1 +
1
E2
σ2− ν32E3 σ3
)i
(ε3)
i =
(
−ν13
E1
σ1− ν23E2 σ2 +
1
E3
σ3
)i
(γ12)i =
(
τ12
G12
)i
; (γ13)i =
(
τ13
G13
)i
and (γ23)i =
(
τ23
G23
)i
(2)
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These can be also written as,
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
σ1
σ2
σ3
τ12
τ13
τ23
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
i
=
⎡
⎢⎢⎢⎢⎢⎢⎣
C11 C12 C13 0 0 0
C22 C23 0 0 0
C33 0 0 0
C44 0 0
Sym. C55 0
C66
⎤
⎥⎥⎥⎥⎥⎥⎦
i⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
ε1
ε2
ε3
γ12
γ13
γ23
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
i
(3)
where σ1, σ2, σ3, τ12, τ13, τ23 are stresses and ε1,
ε2 , ε3, γ12, γ13, γ23 are linear strain components
with reference to the lamina coordinates 1, 2, and
3. Cmn’s (m, n =1, . . ., 6) are the elastic constants
of the ith lamina.
The stress-strain relations for the ith lamina with
reference to global laminate axes (x, y, z) can be
written as
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
σx
σy
σz
τxy
τxz
τyz
⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
=
⎡
⎢⎢⎢⎢⎢⎢⎣
Q11 Q12 Q13 Q14 0 0
Q22 Q23 Q24 0 0
Q33 Q34 0 0
Q44 0 0
Sym. Q55 Q56
Q66
⎤
⎥⎥⎥⎥⎥⎥⎦
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
εx
εy
εz
γxy
γxz
γyz
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
(4)
where σx, σy, σz, τxy, τxz, τyz are stresses and εx,
εy, εz, γxy, γxz, γyz are strains components with re-
spect to laminate axes (x, y, z) and Qmn’s (m, n =1,
. . .,6) are the transformed elasticity constants of
the ith lamina with reference to the laminate axes.
Elements of matrices [C] and [Q] can be found in
any standard text (Jones 2003).
2.2 Strain-displacement relations
General 3D linear strain-displacement relations
are
εx =
∂u
∂x εy =
∂v
∂y εz =
∂w
∂ z
γxy =
∂u
∂y +
∂v
∂x γxz =
∂u
∂ z +
∂w
∂x
γyz =
∂v
∂ z +
∂w
∂y
(5)
2.3 Equilibrium equations
The 3D differential equations of equilibrium are,
∂σx
∂x +
∂τyx
∂y +
∂τzx
∂ z +Bx = 0
∂τxy
∂x +
∂σy
∂y +
∂τzy
∂ z +By = 0
∂τxz
∂x +
∂τyz
∂y +
∂σz
∂ z +Bz = 0
(6)
Here, Bx, By and Bz are components of body force
per unit volume in x, y and z directions, respec-
tively.
2.4 Partial differential equations
Eqs. (4)-(6) have a total of fifteen unknowns;
six stresses (σx , σy, σz, τxy, τxz, τyz), six strains
(εx, εy, εz, γxy, γxz , γyz) and three displace-
ments (u, v, w) in fifteen equations. The trans-
verse stresses and the displacements (Fig. 2) are
continuous through laminae interfaces for perfect
bonded laminate (Pagano 1969, 1970). These
conditions are naturally enforced in the present
formulation. After a simple algebraic manipula-
tion, PDEs in terms of only six particular depen-
dent variables u, v, w, τxz, τyz and σz are obtained
as follows
∂u
∂ z =
1
(Q55Q66−Q56Q65) [−Q65τyz +Q66τxz]−
∂w
∂x
∂v
∂ z =
1
(Q55Q66−Q56Q65) [Q55τyz−Q56τxz]−
∂w
∂y
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∂w
∂ z =
1
Q33
[
σz−Q31 ∂u∂x −Q34
∂u
∂y −Q32
∂v
∂y −Q34
∂v
∂x
]
∂τxz
∂ z =
(
−Q11 + Q13Q31Q33
) ∂ 2u
∂x2
+
(
−Q41−Q14 + Q13Q34Q33 +
Q43Q31
Q33
) ∂ 2u
∂x∂y
+
(
−Q44 + Q43Q34Q33
) ∂ 2u
∂y2
+
(
−Q14 + Q13Q34Q33
) ∂ 2v
∂x2
+
(
−Q12−Q44 + Q13Q32Q33 +
Q43Q34
Q33
) ∂ 2v
∂x∂y
+
(
−Q42 + Q43Q32Q33
) ∂ 2v
∂y2 −
(Q13
Q33
) ∂σz
∂x
−
(Q43
Q33
) ∂σz
∂y −Bx
∂τyz
∂ z =
(
−Q41 + Q43Q31Q33
) ∂ 2u
∂x2
+
(
−Q21−Q44 + Q23Q31Q33 +
Q43Q34
Q33
) ∂ 2u
∂x∂y
+
(
−Q24 + Q23Q34Q33
) ∂ 2u
∂y2
+
(
−Q44 + Q43Q34Q33
) ∂ 2v
∂x2
+
(
−Q24−Q42 + Q23Q34Q33 +
Q43Q32
Q33
) ∂ 2v
∂x∂y
+
(
−Q22 + Q23Q32Q33
) ∂ 2v
∂y2 −
(Q43
Q33
) ∂σz
∂x
−
(Q23
Q33
) ∂σz
∂y −By
∂σz
∂ z =−
∂τxz
∂x −
∂τyz
∂y −Bz
(7)
This primary set of dependent variables is natu-
rally defined at a plane z= a constant. The sec-
ondary variables σx,σy and τxycan simply be ex-
pressed as a function of the primary set of vari-
ables as
σx =
(
Q11− Q13Q31Q33
) ∂u
∂x
+
(
Q14− Q13Q34Q33
)(∂u
∂y +
∂v
∂x
)
+
(
Q12− Q13Q32Q33
) ∂v
∂y +
Q13
Q33
σz
σy =
(
Q21− Q23Q31Q33
) ∂u
∂x
+
(
Q24− Q23Q34Q33
)(∂u
∂y +
∂v
∂x
)
+
(
Q22− Q23Q32Q33
) ∂v
∂y +
Q23
Q33
σz
τxy =
(
Q41− Q43Q31Q33
) ∂u
∂x
+
(
Q44− Q43Q34Q33
)(∂u
∂y +
∂v
∂x
)
+
(
Q22− Q43Q32Q33
) ∂v
∂y +
Q43
Q33
σz
(8)
The primary set of variables u, v, w, τxz, τyz and σz
is a function of independent coordinates x, y and
z. It is proposed here to perform FE (partial) dis-
cretization only in the x−y plane such that the dis-
crete dependent vector y(z) will be a function of
the independent coordinate z and a system of cou-
pled discrete first order ODEs connecting all FE
nodes results. This new formulation is described
below with reference to a four-noded bi-linear el-
ement in x− y plane with mixed set of primary
variables as nodal degrees of freedom which are
function of z (Fig. 3).
2.5 Kinematics
The approximate variation of displacement field
over the element domain in the x−y plane can be
written as
u uˆ(x,y, z) =
4
∑
i=1
Ni(x,y)ui(z)
v vˆ(x,y, z) =
4
∑
i=1
Ni(x,y)vi(z)
w wˆ(x,y, z) =
4
∑
i=1
Ni(x,y)wi(z)
(9)
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Figure 2: 3D domain subjected to the transverse loading
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Figure 3: Bi-linear plate element with dependent variables
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Further, it can be shown from the basic 3D elas-
ticity relations that
τxz  τˆxz(x,y, z) =
4
∑
i=1
Ni(x,y)τxzi(z)
τyz  τˆyz(x,y, z) =
4
∑
i=1
Ni(x,y)τyzi(z)
σz  σˆz(x,y, z) =
4
∑
i=1
Ni(x,y)σzi(z)
(10)
Here,
N1(x,y) = 1− xlex −
y
ley
− xylexley
N2(x,y) =
x
lex
− xy
lexley
N3(x,y) =
xy
lexley
N4(x,y) =
y
ley
− xylexley
and lex, ley are the length and width of element in
x and y directions, respectively.
The domain residuals are obtained by substituting
Eqs. (9) and (10) into Eq. (7) as
∂ uˆ(x,y, z)
∂ z +
1
(Q55Q66−Q56Q65) [Q65τˆyz(x,y, z)
− Q66τˆxz(x,y, z)]+ ∂ wˆ(x,y, z)∂x
= R1D(x,y)
(11)
∂ vˆ(x,y, z)
∂ z +
1
(Q55Q66−Q56Q65) [−Q55τˆyz(x,y, z)
+ Q56τˆxz(x,y, z)]+ ∂ wˆ(x,y, z)∂y
= R2D(x,y)
(12)
∂ wˆ(x,y, z)
∂ z −
1
Q33
[
σˆz(x,y, z)−Q31∂ uˆ(x,y, z)∂x
− Q34 ∂ uˆ(x,y, z)∂y −Q32
∂ vˆ(x,y, z)
∂y −Q34
∂ vˆ(x,y, z)
∂x
]
= R3D(x,y)
(13)
∂ τˆxz(x,y, z)
∂ z +
(
Q11− Q13Q31Q33
) ∂ 2uˆ(x,y, z)
∂x2
+
(
Q44− Q43Q34Q33
) ∂ 2uˆ(x,y, z)
∂y2
+
(
Q41 +Q14− Q43Q31Q33 −
Q13Q34
Q33
) ∂ 2uˆ(x,y, z)
∂x∂y
+
(
Q14− Q13Q34Q33
) ∂ 2vˆ(x,y, z)
∂x2
+
(
Q42− Q43Q32Q33
) ∂ 2vˆ(x,y, z)
∂y2
+
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
) ∂ 2vˆ(x,y, z)
∂x∂y
+
Q13
Q33
∂ σˆz(x,y, z)
∂x +
Q43
Q33
∂ σˆz(x,y, z)
∂y +
ˆBx(x,y, z)
= R4D(x,y)
(14)
∂ τˆyz(x,y, z)
∂ z +
(
Q41− Q43Q31Q33
) ∂ 2uˆ(x,y, z)
∂x2
+
(
Q24− Q23Q34Q33
) ∂ 2uˆ(x,y, z)
∂y2
+
(
Q21 +Q44− Q23Q31Q33 −
Q43Q34
Q33
) ∂ 2uˆ(x,y, z)
∂x∂y
+
(
Q44− Q43Q34Q33
) ∂ 2vˆ(x,y, z)
∂x2
+
(
Q22− Q23Q32Q33
) ∂ 2vˆ(x,y, z)
∂y2
+
(
Q24 +Q42− Q43Q32Q33 −
Q23Q34
Q33
) ∂ 2vˆ(x,y, z)
∂x∂y
+
Q43
Q33
∂ σˆz(x,y, z)
∂x +
Q23
Q33
∂ σˆz(x,y, z)
∂y +
ˆBy(x,y, z)
= R5D(x,y)
(15)
∂ σˆz(x,y, z)
∂ z +
∂ τˆxz(x,y, z)
∂x +
∂ τˆyz(x,y, z)
∂y
+ ˆBz(x,y, z)
= R6D(x,y)
(16)
Further, with the help of Eqs. (11-16) the strong
Bubnov-Galerkin weighted residual statements
(Zienkiewicz 1991) can be written as
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∫∫
A
Ni(x,y)
(∂ uˆ(x,y, z)
∂ z +
1
(Q55Q66−Q56Q65)
· [Q65τˆyz(x,y, z)−Q66τˆxz(x,y, z)]
+
∂ wˆ(x,y, z)
∂x
)
dA = 0 (17)
∫∫
A
Ni(x,y)
(∂ vˆ(x,y, z)
∂ z +
1
(Q55Q66−Q56Q65)
· [−Q55τˆyz(x,y, z)+Q56τˆxz(x,y, z)]
+
∂ wˆ(x,y, z)
∂y
)
dA = 0 (18)
∫
A
Ni(x,y)
{∂ wˆ(x,y, z)
∂ z −
1
Q33
[
σˆz(x,y, z)
−Q31 ∂ uˆ(x,y, z)∂x −Q34
∂ uˆ(x,y, z)
∂y −Q32
∂ vˆ(x,y, z)
∂y
−Q34 ∂ vˆ(x,y, z)∂x
]}
dA = 0 (19)
∫
A
Ni(x,y)
{
∂ τˆxz(x,y, z)
∂ z
+
(
Q11− Q13Q31Q33
) ∂ 2uˆ(x,y, z)
∂x2
+
(
Q44− Q43Q34Q33
) ∂ 2uˆ(x,y, z)
∂y2
+
(
Q41 +Q14− Q43Q31Q33 −
Q13Q34
Q33
) ∂ 2uˆ(x,y, z)
∂x∂y
+
(
Q14− Q13Q34Q33
) ∂ 2vˆ(x,y, z)
∂x2
+
(
Q42− Q43Q32Q33
) ∂ 2vˆ(x,y, z)
∂y2
+
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
) ∂ 2vˆ(x,y, z)
∂x∂y
+
Q13
Q33
∂ σˆz(x,y, z)
∂x +
Q43
Q33
∂ σˆz(x,y, z)
∂y
+ ˆBx(x,y, z)
}
dA = 0
(20)
∫∫
A
Ni(x,y)
{
∂ τˆyz(x,y, z)
∂ z
+
(
Q41− Q43Q31Q33
) ∂ 2uˆ(x,y, z)
∂x2
+
(
Q24− Q23Q34Q33
) ∂ 2uˆ(x,y, z)
∂y2
+
(
Q21 +Q44− Q23Q31Q33 −
Q43Q34
Q33
) ∂ 2uˆ(x,y, z)
∂x∂y
+
(
Q44− Q43Q34Q33
) ∂ 2vˆ(x,y, z)
∂x2
+
(
Q22− Q23Q32Q33
) ∂ 2vˆ(x,y, z)
∂y2
+
(
Q24 +Q42− Q43Q32Q33 −
Q23Q34
Q33
) ∂ 2vˆ(x,y, z)
∂x∂y
+
Q43
Q33
∂ σˆz(x,y, z)
∂x +
Q23
Q33
∂ σˆz(x,y, z)
∂y
+ ˆBy(x,y, z)
}
dA = 0
(21)
∫
A
Ni(x,y)
(∂ σˆz(x,y, z)
∂ z +
∂ τˆxz(x,y, z)
∂x
+
∂ τˆyz(x,y, z)
∂y +
ˆBz(x,y, z)
)
dA = 0
(22)
Eqs. (20) and (21) contain second order deriva-
tives of uˆ and vˆ. These equations can be replaced
by their weak forms with the help of integration
by parts as
∫∫
A
Ni(x,y)
[∂ τˆxz(x,y, z)
∂ z +
Q13
Q33
∂ σˆz(x,y, z)
∂x
+
Q43
Q33
∂ σˆz(x,y, z)
∂y
]
dA
−
∫∫
A
dNi(x,y)
dy
[(
Q44− Q43Q34Q33
)
duˆ(x,y, z)
dy
+
(
Q42− Q43Q32Q33
)
dvˆ(x,y, z)
dy
]
dA
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−
∫∫
A
dNi(x,y)
dx
[(
Q11− Q13Q31Q33
)
duˆ(x,y, z)
dx
+
(
Q41 +Q14− Q43Q31Q33 −
Q13Q34
Q33
)
duˆ(x,y, z)
dy
+
(
Q14− Q13Q34Q33
)
dvˆ(x,y, z)
dx +
(
Q12+Q44
− Q13Q32Q33 −
Q43Q34
Q33
)
dvˆ(x,y, z)
dy
]
dA
+
∮
s
Ni(x,y)
[(
Q11− Q13Q31Q33
)
duˆ(x,y, z)
dx nx
+
(
Q41 +Q14− Q43Q31Q33 −
Q13Q34
Q33
)
· duˆ(x,y, z)
dy
ny
]
ds
+
∮
s
Ni(x,y)
[(
Q44− Q43Q34Q33
)
duˆ(x,y, z)
dy ny
+
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
· dvˆ(x,y, z)
dy
nx
]
ds
+
∮
s
Ni(x,y)
[(
Q14− Q13Q34Q33
)
dvˆ(x,y, z)
dx nx
+
(
Q42− Q43Q32Q33
)
dvˆ(x,y, z)
dy ny
]
ds
+
∫∫
A
Ni(x,y) ˆBx(x,y, z)dA= 0 (23)
∫∫
A
Ni(x,y)
[∂ τˆyz(x,y, z)
∂ z +
Q23
Q33
∂ σˆz(x,y, z)
∂y
+
Q43
Q33
∂ σˆz(x,y, z)
∂x
]
dA
−
∫∫
A
dNi(x,y)
dx
[(
Q41− Q43Q31Q33
)
duˆ(x,y, z)
dx
+
(
Q44− Q43Q34Q33
)
dvˆ(x,y, z)
dx
]
dA
−
∫∫
A
dNi(x,y)
dy
[(
Q24− Q34Q23Q33
)
duˆ(x,y, z)
dy
+
(
Q21 +Q44− Q23Q31Q33 −
Q43Q34
Q33
)
duˆ(x,y, z)
dx
+
(
Q22− Q23Q32Q33
)
dvˆ(x,y, z)
dy +
(
Q24+Q42
− Q23Q34Q33 −
Q43Q32
Q33
)
dvˆ(x,y, z)
dx
]
dA
+
∮
s
Ni(x,y)
[(
Q41− Q43Q31Q33
)
duˆ(x,y, z)
dx nx
+
(
Q21 +Q44− Q23Q31Q33 −
Q43Q34
Q33
)
· duˆ(x,y, z)dx ny
]
ds
+
∮
s
Ni(x,y)
[(
Q24− Q34Q23Q33
)
duˆ(x,y, z)
dy ny
+
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
· dvˆ(x,y, z)dx ny
]
ds
+
∮
s
Ni(x,y)
[(
Q44− Q43Q34Q33
)
dvˆ(x,y, z)
dx
nx
+
(
Q22− Q23Q32Q33
)
dvˆ(x,y, z)
dy ny
]
ds
+
∫∫
A
Ni(x,y) ˆBy(x,y, z)dA= 0 (24)
On substitution of discrete relations described by
Eqs. (9) and (10), following twenty-four coupled
linear first-order ODEs are obtained.⎡
⎢⎢⎣
[Ae01] [Ae02] [Ae03] [Ae02]
[Ae02] [Ae01] [Ae02] [Ae03]
[Ae03] [Ae02] [Ae01] [Ae02]
[Ae02] [Ae03] [Ae02] [Ae01]
⎤
⎥⎥⎦ ddz
⎧⎪⎪⎨
⎪⎪⎩
ye1(z)
ye2(z)
ye3(z)
ye4(z)
⎫⎪⎪⎬
⎪⎪⎭=⎡
⎢⎢⎣
[Be01] [Be02] [Be03] [Be04]
[Be05] [B
e
06] [B
e
07] [Be08]
[Be09] [Be10] [Be11] [Be12]
[Be13] [Be14] [Be15] [Be16]
⎤
⎥⎥⎦
⎧⎪⎪⎨
⎪⎩
ye1(z)
ye2(z)
ye3(z)
ye4(z)
⎫⎪⎪⎬
⎪⎭+
⎧⎪⎪⎨
⎪⎩
pe1
pe2
pe3
pe4
⎫⎪⎪⎬
⎪⎭
(25)
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where vectors yei (z) and pei (x,y, z) are
yei (z) =
[
uei (z),v
e
i (z),w
e
i (z),τ
e
xzi(z),τ
e
yzi(z),σ
e
zi(z)
]t
pei (x,y, z) = [0,0,0, pei4, pei5, pei6]
t , i = 1,2,3,4
Coefficients of individual submatrices and vectors
are defined in Appendix I.
Eq. (25) can be written in a compact form as
Ce(x,y) ddzy
e(z) = De(x,y, z)ye(z)+pe(x,y, z)
(26)
When the total plan area is discretized with n fi-
nite elements in x− y plane (Fig. 4), the semi-
discrete system of equations for the entire domain
can be shown to be,
n
∑
k=1
Ce(x,y) ddzy
e(z)
=
n
∑
k=1
De(x,y, z)ye(z)+
n
∑
k=1
pe(x,y, z)
or
C(x,y) ddzy(z) = D(x,y, z)y(z)+p(x,y, z) (27)
Multiplication of Eq. (27) by [C(x,y)]−1 on both
sides results in,
d
dzy(z) = K(x,y, z)y(z)+ f(x,y, z) (28)
where K(x,y, z) = [C(x,y)]−1 D(x,y, z) and
f(x,y, z) = [C(x,y)]−1 p(x,y, z)
Eq. (28) define the governing equations of a
two-point BVP in terms of ODEs in the do-
main –h/2 < z < h/2. y(z) is an m-dimensional
(m=nos of nodes×6) vector of dependent vari-
ables, K(x,y, z) is an m×m coefficient matrix
(which is a function of element geometry in x−y
plane and material properties variation in x, y
and z directions) and f(x,y, z) is an m-dimensional
vector of non-homogeneous (loading) terms. Any
m/2 elements of y(z) are prescribed at the two
ends, z = −h/2 and h/2 as boundary condi-
tions. It is clearly seen that mixed and/or non-
homogeneous boundary conditions can be easily
admitted in this formulation.
The basic approach to the numerical integration
of the BVP defined by Eq. (28) is to transform
the given BVP into a set of IVPs – one partic-
ular (nonhomogeneous) and m/2 complimentary
(homogeneous). Numbers of successful and well
tested algorithms are available in literature for nu-
merical solution of IVPs expressed by ODEs. So-
lution of the original BVP defined by Eq. (28)
is obtained by forming a linear combination of
one nonhomogeneous and m/2 homogeneous so-
lutions so as to satisfy the boundary conditions at
z = h/2. This gives rise to a system of m/2 linear
algebraic equations, the solution of which deter-
mines the unknown m/2 components of the vector
of initial values y(z). Then a final numerical in-
tegration of Eq. (28) with completely known ini-
tial vector of dependent variables y(z) produces
the desired results. It is intended here to extend
the applicability of this procedure, which was pre-
viously documented by Kant and Ramesh (1981)
and applied in original form by Kant and Setlur
(1973), Ramesh et al. (1974), Kant (1981, 1982)
and Kant and Hinton (1983) for a class of two di-
mensions (2D) BVPs of plates and shells.
3 Numerical investigations
A four-noded bi-linear element with mixed (dis-
placements/stresses) degrees of freedom is em-
ployed in the present numerical investigations. A
computer code was developed in FORTRAN 90
by incorporating the foregoing partial FE formu-
lation for the static analyses of laminated com-
posite plates. Accuracy of the proposed formu-
lation for layered composites is established by
comparison of the present numerical results with
3D elasticity/analytical, 2D closed-form analyti-
cal and 2D/3D FE solutions. The layer elastic co-
efficients of a unidirectional graphite/epoxy com-
posite have been consistently considered in all ex-
amples (Pagano 1969, 1970).
EL = 25×106 psi (172.4 GPa);
E2 = 106 psi (6.89 GPa)
GLT = 0.5×106 psi (3.450 GPa);
GT T = 0.2×106 psi (1.378 GPa)
νLT = νTT = 0.25
(29)
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Figure 4: Bi-linear plate elements (concept of partial discritizarion) [a] plate discretization [b] typical bi-
linear element
Table 1: Boundary conditions (BCs)
Description Edge BCs on displacement field BCs on stress field
Nodes along simple support x=0 and a v = w = 0 σx = 0 (true)y=0 and b u = w = 0 σy = 0 (true)
Nodes along clamped Support x=0 and a u = v = w = 0 -y=0 and b u = v = w = 0 -
For all nodes z=h/2 - τxz = τyz = 0 and σz = p0(x,y)
z=-h/2 - τxz = τyz = σz = 0
‘-’ indicates no BCs
where subscript L and T refer to the fiber direction
and the transverse direction perpendicular to the
fiber direction.
Support conditions considered have been tabu-
lated in Tab. 1. All laminates are subjected to the
bi-directional sinusoidal transverse load on their
top surface. Intensity of sinusoidal loading can be
expressed as
p(x,y) = p0 sin
πx
a
sin πy
b
(30)
where p0 is the peak intensity of distributed load.
Non-dimensionalzed displacements and stresses
reported in all tables and figures are defined by
s =
a
h ; u =
E2u
hp0s3
; w =
100E2h3w
p0a4
; σz =
σz
p0
(σx;σy;τxy) =
1
p0s2
(σx;σy;τxy) ;
(τxz;τyz) =
1
p0s
(τxz;τyz)
(31)
for proper comparison of results in which bar over
the variable defines its normalized value.
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A 10×10 full mesh of the four-noded bi-linear
elements in x− y plane has been used in com-
putation. Mesh density has been selected here
on the basis of a convergence study in which the
mid-plane transverse displacement and the trans-
verse shear stress converges monotonically. Fig. 5
shows the converged results with respect to num-
ber of elements for the transverse shear stress
and displacement. Illustrative numerical exam-
ples considered in the present work are discussed
next.
? ? ??
????
????
????
???
???
?
τ ?
?
????????????
? ? ??
????
????
????
????
??????????????????
????????????
??????????????????
Figure 5: Converged (a) maximum transverse
shear stress (τzx); and (b) mid-plane transverse
displacement (w) with number of elements for
00/900/00 composite plate for aspect ratio of 10
Example 1
A symmetric, square, three layered (00/900/00)
composite plate, supported on simple supports
(Tab. 1) on all the four edges has been consid-
ered to establish accuracy of stress predictions
through the thickness by the present method.
Numerical results of normalized inplane normal
stresses (σx,σy), inplane shear stress (τxy), trans-
verse shear stresses (τxz,τyz) and transverse dis-
placement (w) for aspect ratios, s= 4, 10, 20 and
50 are tabulated under Tab. 2 and compared with
the 3D elasticity solution given by Pagano (1970),
3D analytical solutions presented by Vel and Ba-
tra (1999) as well as 2D/3D FE solutions pre-
sented by Wu and Kuo (1993), Ramtekkar et al.
(2002) and Kant and Swaminathan (2002). More-
over, through thickness variations of inplane nor-
mal stress (σx), tansverse displacement (w), in-
plane displacement (u) and transverse shear stress
(τxz) for an aspect ratio of 4 have been shown in
Fig. 6. Comparison clearly shows that the present
results are in good agreement with the 3D elastic-
ity solutions and thus proves the superiority of the
present formulation.
Example 2
A square, asymmetric (−150/150) angle-ply
composite plate with simple support end condi-
tions on all four edges (Tab. 1) has been consid-
ered next for numerical investigation. Normalized
inplane normal stresses (σx,σy), inplane shear
stress (τxy), transverse shear stresses (τxz,τyz) and
transverse displacement (w) for aspect ratios, 4,
10, 20 and 50 are given in Tab. 3. Through
thickness variations of normalized inplane nor-
mal stress (σx), transverse displacement (w), in-
plane shear stress (τxy) and transverse shear stress
(τyz) have been shown graphically in Fig. 7 for
an aspect ratio of 4. Exact solutions presented
by Savoia and Reddy (1992) have been used for
proper comparison. It is observed that there is ex-
cellent agreement between the present and that of
Savoia and Reddy (1992) results and thus shows
the ability of the present approach to handle the
problem for different fiber angle.
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Figure 6: Variation of the normalized (a) inplane normal stress σx; (b) transverse normal stress σz; (c) in-
plane displacement u; and (d) transverse shear stress τxz through thickness of a simply supported symmetric
composite 00/900/00 plate
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Figure 7: Variation of the normalized (a) inplane normal stress σx; (b) transverse normal stress σz; (c)
inplane shear stress τxy; and (d) transverse shear stress τyz through thickness of a simply supported unsym-
metric angle-ply composite (−150/150) plate
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Example 3
A two layered asymmetric cross-ply (00/900)
square laminate with equal thickness and simply
support boundary condition (Tab. 1) is considered
here. Exact solution of this example is not avail-
able in literature. Normalized maximum stresses
(σx,σy,τxy,τxz,τyz) and the mid-plane transverse
displacement are presented in Tab. 4. Results
with 3D analytical solution given by Vel and Ba-
tra (1999) as well as HOST solutions presented by
Kant and Swaminathan (2002) have been used for
general comparison and it is found that obtained
results are match well with them. Fig. 8 shows
through thickness variations of the inplane normal
stress (σx), transverse displacement (w), inplane
displacement (u) and transverse shear stress (τxz)
for aspect ratio 5 and will be helpful in future for
comparison.
Example 4
Cross-ply asymmteric (00/900) laminated com-
posite plates with two opposite edges clamped at
x=0, a and other two opposite edges simply sup-
ported at y=0, b are considered to show the abil-
ity of the present formulation to handle general
boundary conditions. Numerical results for aspect
ratios, s=5 and 10 are documented in Tab. 5 and
compared with 3D analytical solutions (Ven and
Batra 1999). Percentage difference are calculated
by Eq. (32) and reported in parentheses.
% di f f erence =
Present Partial FEM - 3D Analytical
3D Analytical
×100 (32)
Comparison showed well match with 3D analyti-
cal solutions and established the generality of the
present development.
Parametric investigation and general discussion
All previously considered Examples 1, 2 and 3 are
reanalyzed with clamped end conditions for para-
metric investigations. Laminations scheme, ma-
terial properties and geometrical details are kept
same as in Examples 1, 2 and 3. Boundary condi-
tions are specified in Tab. 1. Numerical results
for the normalized inplane normal stress (σx),
transverse shear stress (τxz) and transverse dis-
placement (w) for different aspect ratios are doc-
umented in Tab. 6. Through thickness variation of
normalized transverse shear stress (τxz) at the end,
x=0 is presented in Fig. 9. These results should
serve as benchmark solutions for future reference.
High values of the transverse shear stresses are
observed at the top and bottom face of laminate at
the end for clamped boundary conditions (Fig. 9).
Non-linear variations of the transverse displace-
ment (w) along the thickness of laminates can be
observed from Fig. 10, for very small aspect ra-
tio which highlights importance of straining of the
normal to the mid-surface for thick plates. On
the other hand, transverse displacements (w) are
found to be constant through the thickness for thin
plates.
In the present work, simple linear variations for all
primary variables (degrees of freedom) are used
for the partial FE development. Weak weighted
residual approach helps to use such simple linear
approximation and hence, complexity in the de-
velopment of FE model has been greatly reduced.
Numerical studies show that the present partial FE
results are match well as expected with available
solutions. However, use of higher-order approxi-
mations certainly improves the accuracy and fur-
ther refinement is required in this direction.
4 Concluding remarks
A new partial discretization formulation involving
two dimensional (2D) FEs only in x− y plane is
presented and thus formulation is free from any
assumption along the thickness of laminate. The
foregoing methodology gives rise to solution of a
two-point BVP through the thickness of laminated
plate. The primary requirement of continuity of
both displacements and the transverse stresses are
implicitly satisfied in the formulation and the so-
lution maintains the fundamental elasticity rela-
tions between components of stress, strain and
displacement within the elastic domain. Accu-
racy of the present development is demonstrated
by comparing the solutions with the available 3D
solutions. Numerical investigations are also pre-
sented to show the generality of the formulation
to handle different boundary conditions. Main ad-
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Figure 8: Variation of the normalized (a) inplane normal stress σx; (b) transverse normal stress σz; (c)
inplane displacement u; and (d) transverse shear stress τxz through thickness of a simply supported unsym-
metric composite (00/900) plate
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Figure 9: Through thickness variation of the normalized transverse shear stress τxz of clamped supported
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Figure 10: Through thickness variation of the normalized transverse displacement w of simply supported
composite plates
vantage of the present methodology lies in the fact
that both displacements and stresses are evaluated
simultaneously at a FE node with the same de-
gree of accuracy through the numerical integra-
tion process. Post-processing module, which is
required in other analytical models for calculation
of transverse stresses from inplane stresses is al-
together eliminated.
It is to be emphasized here very clearly that the
semi-discrete form of Eq. (27) is unique as long
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Table 6: Normalized inplane normal stress (σx ), transverse shear stresses (τxz) and transverse displacement
(w) of symmetric and unsymmetric clamped supported square sandwich plate
00/900/00 symmetric sandwich plate
s Source σx
(
a
2 ,
b
2 ;±h2
)
τxz
(
0, b2 ,±h6
)
w
(
a
2 ,
b
2 ,0
)
4 Partial FEM 0.3627 -0.3273 0.5766 0.5465 1.3647
10 Partial FEM 0.2400 -0.2381 0.8714 0.8775 0.3850
20 Partial FEM 0.2075 -0.2071 0.1997 1.2033 0.1692
50 Partial FEM ±0.1867 1.3055 1.3062 0.0947
−150/150 unsymmetric sandwich plate
s Source σx
(
a
2 ,
b
2 ;±h2
)
τxz
(
0, b2 ,±h2
)
w
(
a
2 ,
b
2 ,0
)
4 Partial FEM 0.2046 -0.2005 0.4531 0.4144 1.2230
10 Partial FEM 0.2066 -0.2038 0.6867 0.6856 0.3277
20 Partial FEM 0.2157 -0.2152 1.2059 1.0269 0.2114
50 Partial FEM ±0.2160 1.2547 1.2550 0.1592
00/900 symmetric sandwich plate
s Source σx
(
a
2 ,
b
2 ;±h2
)
τxz
(
0, b2 ,±h2
)
w
(
a
2 ,
b
2 ,0
)
4 Partial FEM 0.0629 -0.3347 0.2933 0.5391 1.3061
10 Partial FEM 0.0409 -0.2715 0.4357 0.7766 0.4694
20 Partial FEM 0.0354 -0.2636 0.6452 0.8798 0.2989
50 Partial FEM 0.0318 -0.2611 0.7648 0.8884 0.2324
as all but one independent coordinates (z here) are
discretized in a BVP. From this viewpoint also
the proposed methodology can be considered as
a novel and standard (modular) one. Indeed, this
method has its unique appeal for accurate estima-
tion of transverse interlaminar stresses.
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Appendix A: Appendix I
Non zero coefficients of vector, pei (x,y, z)
pepi4 =
−
[(
Q11− Q13Q31Q33
)∮
s
Ni(x,y)
du(x,y, z)
dx
nxds
+
(
Q44− Q43Q34Q33
)∮
s
Ni(x,y)
du(x,y, z)
dy nyds
+
(
Q14− Q13Q34Q33
)∮
s
Ni(x,y)
dv(x,y, z)
dx nxds
+
(
Q42− Q43Q32Q33
)∮
s
Ni(x,y)
dv(x,y, z)
dy
nyds
+
(
Q14 +Q41− Q13Q34Q33 −
Q43Q31
Q33
)
·
∮
s
Ni(x,y)
du(x,y, z)
dy nxds
+
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
·
∮
s
Ni(x,y)
dv(x,y, z)
dy nxds
+
∫∫
A
Ni(x,y)Bx(x,y, z)dA
]
pepi5 =
−
[(
Q41− Q43Q31Q33
)∮
s
Ni(x,y)
du(x,y, z)
dx nxds
+
(
Q24− Q34Q23Q33
)∮
s
Ni(x,y)
du(x,y, z)
dy
nyds
+
(
Q44− Q43Q34Q33
)∮
s
Ni(x,y)
dv(x,y, z)
dx nxds
+
(
Q22− Q23Q32Q33
)∮
s
Ni(x,y)
dv(x,y, z)
dy nyds
+
(
Q12 +Q44− Q23Q31Q33 −
Q43Q34
Q33
)
·
∮
s
Ni(x,y)
du(x,y, z)
dx nyds
+
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
·
∮
s
Ni(x,y)
dv(x,y, z)
dx nyds
+
∫∫
A
Ni(x,y)By(x,y, z)dA
]
pepi6 = −
∫∫
A
Ni(x,y)Bz(x,y, z)dA
Coefficients of diagonal submatrices [Aes] (for
s=1-3)
Ae01 = 2Ae02 = 4Ae03 Ae03 = ae01I where, ae01 =
lexley
36 and I is 6×6 identity matrix
Coefficients of submatrices
[
Bej
]
(for j=1-16)
Be01 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 2ke01 4ke03 −4ke04 0
0 0 2ke02 −4ke04 4ke05 0
ke06 ke07 0 0 0 4ke08
ke09 ke10 0 0 0 ke06
ke10 ke11 0 0 0 ke07
0 0 0 2ke01 2ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be02 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 −2ke01 2ke03 −2ke04 0
0 0 ke02 −2ke04 2ke05 0
ke12 ke13 0 0 0 2ke08
ke14 ke15 0 0 0 ke12
ke16 ke17 0 0 0 ke13
0 0 0 −2ke01 ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be03 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 −ke01 ke03 −ke04 0
0 0 −ke02 −ke04 ke05 0
ke18 ke19 0 0 0 ke08
ke20 ke21 0 0 0 ke18
ke21 ke22 0 0 0 ke19
0 0 0 −ke01 −ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be04 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 ke01 2ke03 −2ke04 0
0 0 −2ke02 −2ke04 2ke05 0
ke23 ke24 0 0 0 2ke08
ke25 ke26 0 0 0 ke23
ke27 ke28 0 0 0 ke24
0 0 0 ke01 −2ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be05 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 2ke01 2ke03 −2ke04 0
0 0 ke02 −2ke04 2ke05 0
ke29 ke30 0 0 0 2ke08
ke31 ke32 0 0 0 ke29
ke33 ke34 0 0 0 ke30
0 0 0 2ke01 ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be06 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 −2ke01 4ke03 −4ke04 0
0 0 2ke02 −4ke04 4ke05 0
ke35 ke36 0 0 0 4ke08
ke37 ke38 0 0 0 ke35
ke38 ke39 0 0 0 ke36
0 0 0 −2ke01 2ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
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Be07 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 −ke01 2ke03 −2ke04 0
0 0 −2ke02 −2ke04 2ke05 0
ke40 ke41 0 0 0 2ke08
ke42 ke43 0 0 0 ke40
ke44 ke45 0 0 0 ke41
0 0 0 −ke01 −2ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be08 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 ke01 ke03 −ke04 0
0 0 −ke02 −ke04 ke05 0
ke46 ke47 0 0 0 ke08
ke48 ke49 0 0 0 ke46
ke49 ke50 0 0 0 ke47
0 0 0 ke01 −ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be09 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 ke01 ke03 −ke04 0
0 0 ke02 −ke04 ke05 0
−ke18 −ke19 0 0 0 ke08
ke20 ke21 0 0 0 −ke18
ke21 ke22 0 0 0 −ke19
0 0 0 ke01 ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be10 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 −ke01 2ke03 −2ke04 0
0 0 2ke02 −2ke04 2ke05 0
−ke23 −ke24 0 0 0 2ke08
ke25 ke26 0 0 0 −ke23
ke27 ke28 0 0 0 −ke24
0 0 0 −ke01 2ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be11 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 −2ke01 4ke03 −4ke04 0
0 0 −2ke02 −4ke04 4ke05 0
−ke06 −ke07 0 0 0 4ke08
ke09 ke10 0 0 0 −ke06
ke10 ke11 0 0 0 −ke07
0 0 0 −2ke01 −2ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be12 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 2ke01 2ke03 −2ke04 0
0 0 −ke02 −2ke04 2ke05 0
−ke12 −ke13 0 0 0 2ke08
ke14 ke15 0 0 0 −ke12
ke16 ke17 0 0 0 −ke13
0 0 0 2ke01 −ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be13 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 ke01 2ke03 −2ke04 0
0 0 2ke02 −2ke04 2ke05 0
−ke40 −ke41 0 0 0 2ke08
ke42 ke43 0 0 0 −ke40
ke44 ke45 0 0 0 −ke41
0 0 0 ke01 2ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be14 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 −ke01 ke03 −ke04 0
0 0 ke02 −ke04 ke05 0
−ke46 −ke47 0 0 0 ke08
ke48 ke49 0 0 0 −ke46
ke49 ke50 0 0 0 −ke47
0 0 0 −ke01 ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be15 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 −2ke01 2ke03 −2ke04 0
0 0 −ke02 −2ke04 2ke05 0
−ke29 −ke30 0 0 0 2ke08
ke31 ke32 0 0 0 −ke29
ke33 ke34 0 0 0 −ke30
0 0 0 −2ke01 −ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
Be16 =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 0 2ke01 4ke03 −4ke04 0
0 0 −2ke02 −4ke04 4ke05 0
−ke35 −ke36 0 0 0 4ke08
ke37 ke38 0 0 0 −ke35
ke38 ke39 0 0 0 −ke36
0 0 0 2ke01 −2ke02 0
⎤
⎥⎥⎥⎥⎥⎥⎦
where,
ke01 =
ley
12
ke02 =
lex
12
ke03 =
lexley
36
( Q66
Q55Q66−Q56Q65
)
ke04 =
lexley
36
( Q65
Q55Q66−Q56Q65
)
ke05 =
lexley
36
( Q55
Q55Q66−Q56Q65
)
ke06 =
ley
6
Q31
Q33 +
lex
6
Q34
Q33
ke07 =
lex
6
Q32
Q33 +
ley
6
Q34
Q33
ke08 =
lexley
36
(
1
Q33
)
ke09 =
ley
3lex
(
Q11− Q13Q31Q33
)
+
1
4
(
Q14 +Q41− Q13Q34Q33 −
Q43Q31
Q33
)
+
lex
3ley
(
Q44− Q43Q34Q33
)
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ke10 =
ley
3lex
(
Q14− Q13Q34Q33
)
+
1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
+
lex
3ley
(
Q42− Q43Q32Q33
)
ke11 =
ley
3lex
(
Q44− Q43Q34Q33
)
+
1
4
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
+
lex
3ley
(
Q22− Q23Q32Q33
)
ke12 =−
ley
6
Q31
Q33 +
lex
12
Q34
Q33
ke13 =
lex
12
Q32
Q33 −
ley
6
Q34
Q33
ke14 =−
ley
3lex
(
Q11− Q13Q31Q33
)
+
1
4
(
Q14 +Q41− Q13Q34Q33 −
Q43Q31
Q33
)
+
lex
6ley
(
Q44− Q43Q34Q33
)
ke15 =−
ley
3lex
(
Q14− Q13Q34Q33
)
+
1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
+
lex
6ley
(
Q42− Q43Q32Q33
)
ke16 =−
ley
3lex
(
Q14− Q13Q34Q33
)
− 1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
+
lex
6ley
(
Q42− Q43Q32Q33
)
ke17 =−
ley
3lex
(
Q44− Q43Q34Q33
)
− 1
4
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
+
lex
6ley
(
Q22− Q23Q32Q33
)
ke18 =−
ley
12
Q31
Q33
− lex
12
Q34
Q33
ke19 =−
lex
12
Q32
Q33 −
ley
12
Q34
Q33
ke20 =−
ley
6lex
(
Q11− Q13Q31Q33
)
− 1
4
(
Q14 +Q41− Q13Q34Q33 −
Q43Q31
Q33
)
− lex6ley
(
Q44− Q43Q34Q33
)
ke21 =−
ley
6lex
(
Q14− Q13Q34Q33
)
− 1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
− lex6ley
(
Q42− Q43Q32Q33
)
ke22 =−
ley
6lex
(
Q44− Q43Q34Q33
)
− 1
4
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
− lex6ley
(
Q22− Q23Q32Q33
)
ke23 =
ley
12
Q31
Q33 −
lex
6
Q34
Q33
ke24 =−
lex
6
Q32
Q33 +
ley
12
Q34
Q33
ke25 =
ley
6lex
(
Q11− Q13Q31Q33
)
− 1
4
(
Q14 +Q41− Q13Q34Q33 −
Q43Q31
Q33
)
− lex3ley
(
Q44− Q43Q34Q33
)
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ke26 =
ley
6lex
(
Q14− Q13Q34Q33
)
− 1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
− lex3ley
(
Q42− Q43Q32Q33
)
ke27 =
ley
6lex
(
Q14− Q13Q34Q33
)
+
1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
− lex3ley
(
Q42− Q43Q32Q33
)
ke28 =
ley
6lex
(
Q44− Q43Q34Q33
)
+
1
4
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
− lex3ley
(
Q22− Q23Q32Q33
)
ke29 =
ley
6
Q31
Q33 +
lex
12
Q34
Q33
ke30 =
lex
12
Q32
Q33
+
ley
6
Q34
Q33
ke31 =−
ley
3lex
(
Q11− Q13Q31Q33
)
− 1
4
(
Q14 +Q41− Q13Q34Q33 −
Q43Q31
Q33
)
+
lex
6ley
(
Q44− Q43Q34Q33
)
ke32 =−
ley
3lex
(
Q14− Q13Q34Q33
)
− 1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
+
lex
6ley
(
Q42− Q43Q32Q33
)
ke33 =−
ley
3lex
(
Q14− Q13Q34Q33
)
+
1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
+
lex
6ley
(
Q42− Q43Q32Q33
)
ke34 =−
ley
3lex
(
Q44− Q43Q34Q33
)
+
1
4
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
+
lex
6ley
(
Q22− Q23Q32Q33
)
ke35 =−
ley
6
Q31
Q33 +
lex
6
Q34
Q33
ke36 =
lex
6
Q32
Q33 −
ley
6
Q34
Q33
ke37 =
ley
3lex
(
Q11− Q13Q31Q33
)
− 1
4
(
Q14 +Q41− Q13Q34Q33 −
Q43Q31
Q33
)
+
lex
3ley
(
Q44− Q43Q34Q33
)
ke38 =
ley
3lex
(
Q14− Q13Q34Q33
)
− 1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
+
lex
3ley
(
Q42− Q43Q32Q33
)
ke39 =
ley
3lex
(
Q44− Q43Q34Q33
)
− 1
4
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
+
lex
6ley
(
Q22− Q23Q32Q33
)
ke40 =−
ley
12
Q31
Q33
− lex
6
Q34
Q33
ke41 =−
lex
6
Q32
Q33 −
ley
12
Q34
Q33
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ke42 =
ley
6lex
(
Q11− Q13Q31Q33
)
+
1
4
(
Q14 +Q41− Q13Q34Q33 −
Q43Q31
Q33
)
− lex3ley
(
Q44− Q43Q34Q33
)
ke43 =
ley
6lex
(
Q14− Q13Q34Q33
)
+
1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
− lex3ley
(
Q42− Q43Q32Q33
)
ke44 =
ley
6lex
(
Q14− Q13Q34Q33
)
− 1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
− lex3ley
(
Q42− Q43Q32Q33
)
ke45 =
ley
6lex
(
Q44− Q43Q34Q33
)
− 1
4
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
− lex3ley
(
Q22− Q23Q32Q33
)
ke46 =
ley
12
Q31
Q33 −
lex
12
Q34
Q33
ke47 =−
lex
12
Q32
Q33 +
ley
12
Q34
Q33
ke48 =−
ley
6lex
(
Q11− Q13Q31Q33
)
+
1
4
(
Q14 +Q41− Q13Q34Q33 −
Q43Q31
Q33
)
− lex
6ley
(
Q44− Q43Q34Q33
)
ke49 =−
ley
6lex
(
Q14− Q13Q34Q33
)
+
1
4
(
Q12 +Q44− Q13Q32Q33 −
Q43Q34
Q33
)
− lex6ley
(
Q42− Q43Q32Q33
)
ke50 =−
ley
6lex
(
Q44− Q43Q34Q33
)
+
1
4
(
Q24 +Q42− Q23Q34Q33 −
Q43Q32
Q33
)
− lex
6ley
(
Q22− Q23Q32Q33
)

